ABSTRACT. In this paper, properties of certain real-valued mappings on binary systems X which satisfy versions of the triangle inequality are investigated. For example, via a quotient construction using Ker = {x : (x) = 0} it is shown that X/ Ker is a d-algebra if X is a d-algebra. In addition fuzzy versions of these triangular norms and their properties are considered as well. Finally boundedness conditions on and a concept of magnitude are both introduced and some consequences are derived.
are obtained by deleting identities. Given one of these deleted identities related identities are constructed by replacing one of the terms involving the original operation by an identical term involving a second (companion) operation, thus producing the notion of companion d-algebra which (precisely) generalizes the notion of BCK-algebra and is such that not every d-algebra is one of these. P. J. Allen et al. ( [1] ) developed a theory of companion d-algebras in sufficient detail to demonstrate considerable parallelism with the theory of BCK-algebras as well as obtaining a collection of results of a novel type.
In this paper, properties of certain real-valued mappings on binary systems X which satisfy versions of the triangle inequality are investigated. For example, via a quotient construction using Ker = x : (x) = 0 it is shown that X/ Ker is a d-algebra if X is a d-algebra. Given that such constructions are in general quite difficult to come by and given that d-algebras are a large class of algebras with a quite varied structure otherwise, the fact that the sets Ker are subsets rather than merely congruence relations indicates that consideration of norms in the setting of d-algebras is of interest. In addition fuzzy versions of these triangular norms and their properties are considered as well. Finally boundedness conditions on and a concept of magnitude are both introduced and some consequences are derived.
Preliminaries
An algebra (X, * ) is a non-empty set X equipped with a binary operation * on X. An algebra (X, * ) is called a d-algebra ( [12] ) if there is a constant 0 satisfying the following axioms:
We denote it by (X, * , 0) or X for brevity. In X we can define a binary relation ≤ by x ≤ y if and only if x * y = 0.
A BCK-algebra is a d-algebra X satisfying the following additional axioms:
Let (X, * ) be an algebra (not necessarily a d-algebra), and let I be a nonempty subset of X. We list the following properties of I:
CONSTRUCTIONS OF QUOTIENT ALGEBRAS VIA TRIANGULAR NORMS
(I4) if x ∈ I and y ∈ X, then x * y ∈ I, i.e., I * X ⊆ I.
Then I is called a subalgebra of X if it satisfies (I1); I is called a BCK-ideal of X if it satisfies (I2) and (I3); I is called a d-ideal of X if it satisfies (I3) and (I4); I is called a right ideal of X if it satisfies (I4);
For any x, y in X, we define x ∼ y if and only if x * y ∈ I and y * x ∈ I. Then ∼ is a congruence relation on X. We denote the congruence class containing x by [x] I , i.e., [x] X = {y ∈ X : x ∼ y}. We see that x ∼ y if and only if [x] I = [y] I . Denote the set of all congruence classes of X by X/I, i.e., X/I = [x] I : x ∈ X (see [11] ). Although the following concepts were defined for d(BCK)-algebras they were not specified for d(BCK)-algebras in the study of triangular norms in a more general setting.
Let (X, * , 0) be an arbitrary algebra of type (2, 0). Let µ be a fuzzy set in X.
Triangular norms on algebras
In this section, we introduce several triangular norms in an arbitrary algebra, and investigate some conditions for the kernel Ker of a triangular norm to be a d * -ideal, and as an application we construct a quotient d-algebra making use of Theorem 2.2.
Given an algebra (X, * ), we consider mappings : X → R such that one of the following identities holds:
for any x, y, z ∈ X. All of (T1), (T2), (T3), (T4) are versions of the "usual" triangle inequality, and thus we shall refer to a mapping : X → R which satisfies an inequality (Ti) above as a triangular norm of type (Ti) when Ker := {x ∈ X : (x) = 0} = ∅ (i = 1, 2, 3, 4). If we do not require that Ker = ∅, then we shall refer to it as a norm of type (Ti). A mapping : X → R is said to be stable if (x * y) ≤ (x) for any x, y ∈ X. In particular, if we replace R by [0, 1] we may consider to be a fuzzy (triangular ) norm of type (Ti) (i = 1, 2, 3, 4).
Example 3.1. Let X be the power set of a finite set F , i.e., x ∈ X means x ⊆ F . If (x) = |x|, the cardinality of x, and x * y := x − y, the collection of all elements of x not in y, then (∅) = 0, i.e., Ker = ∅. Also, (x * y) ≤ (x), i.e., is stable, whence certainly (x * y) ≤ (x) + (y), i.e., it is a triangular norm of type (T2). Note that
is a triangular norm of type (T1). Finally,
X → R is a stable and triangular norm of types (T1)-(T4). 
, is a norm of type (T1), but not a triangular norm of type (T1), since Ker = ∅.
and so it is not a norm of type (T2). Letting a = x i , b = x j , c = x t , and considering a set of inequalities by permuting (u * v) ≤ (u * w) + (w * v) over (u, v, w) , and after evaluating, we note that it is a norm of types (T3) and (T4). Finally, it is not stable, since ( A map : X → R is said to be non-negative if (x) ≥ 0 for all x ∈ X. Fortunately as we shall see, it is easy for norms to be non-negative.
ÈÖÓÔÓ× Ø ÓÒ 3.5º Let be a non-negative and triangular norm of type (T1)
on an algebra (X, * ). Then Ker satisfies the condition (I3). P r o o f. Let x * y, y ∈ Ker where x, y ∈ (X, * ). Since is a non-negative and triangular norm of type (T1), we have 0 ≤ (x) ≤ (y) + (x * y) = 0 so that (x) = 0, proving the proposition.
ÓÖÓÐÐ ÖÝ 3.6º If is a non-negative and triangular norm of type (T1) on
an algebra (X, * ) and 0 ∈ Ker , then Ker is a BCK-ideal of X.
ÈÖÓÔÓ× Ø ÓÒ 3.7º If is a non-negative and triangular norm of type (T2) on
an algebra (X, * ), then Ker is a subalgebra of (X, * ).
P r o o f. If x, y ∈ Ker , since is a non-negative and triangular norm of type (T2), we have 0 ≤ (x * y) ≤ (x) + (y) = 0 so that (x * y) = 0, proving x * y ∈ Ker .
ÈÖÓÔÓ× Ø ÓÒ 3.8º Let be a non-negative and triangular norm of type (T3)
on an algebra (X, * ). If x * y, y * z ∈ Ker , then x * z ∈ Ker . P r o o f. Let x * y, y * z ∈ Ker . Since is a non-negative and triangular norm of type (T3) on an algebra (X, * ), 0 ≤ (x * z) ≤ (x * y) + (y * z) = 0, we have (x * z) = 0, i.e., x * z ∈ Ker .
ÈÖÓÔÓ× Ø ÓÒ 3.9º If is a non-negative and stable mapping on an algebra
(X, * ), then Ker * X ⊆ Ker holds.
P r o o f. Since is non-negative and stable, 0 ≤ (x * y) ≤ (x) = 0 for any x ∈ Ker and y ∈ X, so that x * y ∈ Ker .
ÈÖÓÔÓ× Ø ÓÒ 3.10º Let be a non-negative and triangular norm of type (T4)
on an algebra (X, * ). If x * y, y * x ∈ Ker , then (x * z) * (y * z), (z * x) * (z * y) ∈ Ker , for any z ∈ X. P r o o f. Let x * y, y * x ∈ Ker . Since is a non-negative and triangular norm of type (T4), we obtain 0 = (
Ì ÓÖ Ñ 3.11º Let be a non-negative, stable and triangular norm of types (T1)-(T4) on an algebra (X, * ). Then Ker is a d
* -ideal of X.
P r o o f. It follows immediately from Propositions 3.5-3.10.
Putting the results of Theorem 3.11 and Theorem 2.2 together we obtain:
Ì ÓÖ Ñ 3.12º Let be a non-negative, stable and triangular norm of types
Fuzzy subalgebras derived from triangular norms
Let (X, * ) be an algebra and let µ : X → (0, 1] be a fuzzy subalgebra, i.e., µ(x * y) ≥ min{µ(x), µ(y)} for any x, y ∈ X. If we define a mapping :
, and hence (x * y) ≤ max{ (x), (y)} ≤ (x) + (y), for any x, y ∈ X. We summarize:
ÈÖÓÔÓ× Ø ÓÒ 4.1º Let (X, * ) be an algebra and let µ : X → (0, 1] be a fuzzy subalgebra. If we define a map : X → R by (x) := µ(x) −1 , for any x ∈ X, then it is a norm of type (T2).
Let (X, * ) be an algebra. A map : X → R is called a strong triangular norm of type (1): (x) ≤ max{ (y), (x * y)}, of type (2): (x * y) ≤ max{ (x), (y)},
for any x, y, z ∈ X. Note that if is a non-negative and strong triangular norm of type (i), then it is also a norm of type (Ti) (i = 1, 2, 3, 4) .
Let be a (strong) triangular norm of type (i) (i = 1, 2, 3, 4). If we define ( +k)(x) := (x) + k for any k ∈ R and any x ∈ X, then it is easy to show that +k is also a strong triangular norm of type (i) (i = 1, 2, 3). (2) on an algebra (X, * ). If we define µ(x) := 1 1+ (x) for any x ∈ X, then µ is a fuzzy subalgebra of X.
ÈÖÓÔÓ× Ø ÓÒ 4.2º Let be a positive and strong triangular norm of type
proving that µ is a fuzzy subalgebra of X.
The following propositions can be easily proved and we omit the proofs. Note that Theorem 4.6 holds also for a d(BCK)-algebra (X, * , 0). Moreover, Theorem 4.6 shows that if we define a strong triangular norm of types (1)- (4) and (0) = 1, then we can construct a fuzzy d * -ideal of X for any algebra (X, * ).
Magnitudes
Let (X, * ) be an algebra and let j be a triangular norm of type (Ti) where i = 1, 2, 3, 4 and j = 1, 2. For any real numbers α, β, γ ∈ R, and for any x ∈ X, we define (α 1 +β 2 +γ)(x) := α · 1 (x) + β · 2 (x) + γ. Then it is a triangular norm of type (Ti) where i = 1, 2, 3, 4.
Given a triangular norm of type (Ti), we define a set Ω := {k ∈ R : −k is a triangular norm of type (Ti)} where i = 1, 2, 3, 4. Then Ω = ∅, since every negative integer k belongs to Ω . Define := lub Ω if Ω is bounded above. Obviously, if α ∈ Ω , β < α, then β ∈ Ω . A triangular norm of type (Ti) (i = 1, 2, 3, 4) is said to have the lub property if Ω is bounded above.
is a collection of triangular norms of any type having the lub property and if
is a triangular norm of the same type having the lub property. Hence 
for any x ∈ X. If we let x := y, then we obtain (x) ≤ (x) + (x * x) − k, for any x ∈ X. This means that k ≤ (x * x), for all x ∈ X. Thus = lub k ∈ R :
−k is a triangular norm of type (T1) ≤ (x * x). Similarly, we can prove the case of type (T2).
ÓÖÓÐÐ ÖÝ
(ii) By applying Corollary 5.6, we obtain ≤ (0 * y)+ (y * z)− (0 * z) = (y * z), for all y, z ∈ X. Hence ≤ inf y,z∈X (y * z) ≤ (0 * z) = (0).
